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Linear regression setting
Under random design




•  unknown true coefficient vector


• i.i.d. observations  of -valued feature vectors , -valued responses  


•  error variables, , , 


•  possible (high-dim. setting)


• short:  with , , 


• assumptions: ,  , 

yi = x⊤
i β0 + εi, i = 1,…, n

β0 ∈ ℝp

(xi, yi) ℝp xi ℝ yi

εi 𝔼[εi |xi] = 0 𝖵𝖺𝗋(εi |xi) = σ2 σ > 0
p ≫ n

y = Xβ0 + ε y := (y1, …, yn)⊤ X := (x1, …, xn)⊤ ε := (ε1, …, εn)⊤

β0 = X+Xβ0 ∑j=1,…,p: sj=si
⟨X⊤y, vj⟩2 > 0 i = 1,…, p



Penalised least squares criterion
= Ridge regression (RR) objective




• :  minimum-norm solution of ,  	[Ali et al. 2019]


• : , where  with 


• eigenvalues of : 


• for simplicity: assume  has  distinct eigenvalues

̂β𝖱𝖱
λ := 𝖺𝗋𝗀𝗆𝗂𝗇

β∈ℝp
ℰλ(β) with ℰλ(β) :=

1
2n

∥y − Xβ∥2 +
λ
2

∥β∥2, λ ⩾ 0

λ = 0 ̂β𝖱𝖱
0 = X+y y = Xβ Σ̂−1

0 := Σ̂+

λ > 0 ̂β𝖱𝖱
λ = Σ̂−1

λ ⋅ n−1X⊤y Σ̂λ := Σ̂ + λIp Σ̂ := n−1X⊤X

Σ̂ s1 ⩾ … ⩾ sp ⩾ 0
Σ̂λ p



Penalised least squares criterion
= Ridge regression (RR) objective




with





normal equations: 


ℰλ(β) = 1
2n ∥y − Xβ∥2 + λ

2 ∥β∥2

= 1
2 ⟨Σ̂λβ, β⟩− 1

n ⟨X⊤y, β⟩+ 1
2n ∥y∥2

= 1
2 ∥Σ̂1/2

λ β − yλ∥2 + 1
2n ∥y∥2 − 1

2 ∥yλ∥2

yλ := 1
n Σ̂−1/2

λ X⊤y = Σ̂1/2
λ βλ + ελ, βλ := Σ̂−1

λ Σ̂β0, ελ := 1
n Σ̂−1/2

λ X⊤ε

Σ̂λ
̂β𝖱𝖱
λ = Σ̂1/2

λ yλ s.t. ̂β𝖱𝖱
λ = βλ + Σ̂−1/2

λ ελ



How to 
calculate the 
RR estimator in 
practice?



How to 
calculate the 
RR estimator in 
practice?

By iterative solvers!



, , ,
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k → ∞,
t > 0



, , ,
η > 0 k ∈ ℕ ̂β𝖦𝖣
λ,η,0 = 0

̂β𝖦𝖣
λ,η,k:= ̂β𝖦𝖣

λ,η,k−1 − η∇ℰλ( ̂β𝖦𝖣
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λ yλ)
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ηk = t/k,
k → ∞,
t > 0

 satisfying ,


, 

̂β𝖦𝖥
λ,t

̂β𝖦𝖥
λ,0 = 0

d
dt

̂β𝖦𝖥
λ,t = − (Σ̂λ

̂β𝖦𝖥
λ,t − Σ̂1/2

λ yλ) t ⩾ 0
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[Phatak and de Hoog 2002]

̂β𝖢𝖦
λ,k = Σ̂−1/2

λ (Ip − R𝖢𝖦
k (Σ̂λ))yλ,

R𝖢𝖦
k := 𝖺𝗋𝗀 𝗆𝗂𝗇Pk

∥Pk(Σ̂λ)yλ∥2



Gradient descent/flow (GD/GF)

̂β𝖦𝖥
λ,t = Σ̂−1/2

λ (Ip − R𝖦𝖥
t (Σ̂λ))yλ,

R𝖦𝖥
t (x) = exp(−tx)

Conjugate gradients (CG)

⇒ ̂β𝖢𝖦
λ,p = ̂β𝖱𝖱

λ




[Phatak and de Hoog 2002]

̂β𝖢𝖦
λ,k = Σ̂−1/2

λ (Ip − R𝖢𝖦
k (Σ̂λ))yλ,
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k := 𝖺𝗋𝗀 𝗆𝗂𝗇Pk

∥Pk(Σ̂λ)yλ∥2



Gradient descent/flow (GD/GF)

̂β𝖦𝖥
λ,t = Σ̂−1/2

λ (Ip − R𝖦𝖥
t (Σ̂λ))yλ,

R𝖦𝖥
t (x) = exp(−tx)

Conjugate gradients (CG)

continuous iteration path:


, , ,





[Hucker and Reiß 2025]

t = k + α k ∈ [[0,p − 1]] α ∈ (0,1]
̂β𝖢𝖦
λ,t := Σ̂−1/2

λ (Ip − R𝖢𝖦
t (Σ̂λ))yλ,

R𝖢𝖦
t := (1 − α)R𝖢𝖦

k + αR𝖢𝖦
k+1



Error analysis
For in-sample prediction errors

• pure prediction error: 


• population risk: 



• excess penalised prediction error: 



• regularised in-sample prediction loss: 



• prediction risk: 

n−1∥X( ̂β − β0)∥2 = ∥Σ̂1/2( ̂β − β0)∥2

β ↦ 𝔼[ℰλ(β) |X] = 1
2 ∥Σ̂1/2

λ (β − βλ)∥2 + 1
2 σ2+ 1

2 ∥Σ̂1/2β0∥2 − 1
2 ∥Σ̂1/2

λ βλ∥2

∥Σ̂1/2
λ ( ̂β − βλ)∥2 = n−1∥X( ̂β − βλ)∥2 + λ∥ ̂β − βλ∥2 =: ℓ 𝗂𝗇

λ,βλ
( ̂β)

ℓ 𝗂𝗇
λ,γ( ̂β) := ∥Σ̂1/2

λ ( ̂β − γ)∥2 = n−1∥X( ̂β − γ)∥2 + λ∥ ̂β − γ∥2

ℛ𝗂𝗇
λ,γ( ̂β) := 𝔼[ℓ 𝗂𝗇

λ,γ( ̂β) |X]



Standard prediction error decomposition
(Useful for linear regularisation methods)

Consider for any residual filter function  the estimator 


Then the penalised prediction loss satisfies 


with approximation, stochastic and cross term errors





If  is deterministic, then .

R : [0,∞) → ℝ ̂β = Σ̂−1/2
λ (Ip − R(Σ̂λ))yλ .

ℓ 𝗂𝗇
λ,γ( ̂β) = Aλ,γ(R) + Sλ(R) − 2Cλ,γ(R)

Aλ,γ(R) = ∥Σ̂1/2
λ (R(Σ̂λ)βλ + (γ − βλ))∥2,

Sλ(R) = ∥(Ip − R(Σ̂λ))ελ∥2,

Cλ,γ(R) = ⟨Σ̂1/2
λ (R(Σ̂λ)βλ + (γ − βλ)), (Ip − R(Σ̂λ))ελ⟩ .

R ℛ𝗂𝗇
λ,γ( ̂β) = Aλ,γ(R)+ σ2

n 𝗍𝗋𝖺𝖼𝖾((Ip − R(Σ̂λ))2Σ̂−1
λ Σ̂)



Prediction error decomposition for CG
[Hucker and Reiß 2025, Proposition 5.2]

• denote by  the smallest zero on  of , 


• for , , 


At , the penalised CG estimator satisfies for 





with approximation, stochastic and cross term errors given by


x1,t [0,∞) R𝖢𝖦
t t ∈ (0,p]

x ⩾ 0 R𝖢𝖦
t,< (x) := R𝖢𝖦

t (x)1(x < x1,t) R𝖢𝖦
t,> (x) := R𝖢𝖦

t (x)1(x > x1,t)

t ∈ [0,p] γ = βλ

ℓ 𝗂𝗇
λ,βλ

( ̂β𝖢𝖦
λ,t ) = A𝖢𝖦

λ,βλ,t
+ S𝖢𝖦

λ,t − 2C𝖢𝖦
λ,βλ,t

⩽ 2A𝖢𝖦
λ,βλ,t

+ 2S𝖢𝖦
λ,t

A𝖢𝖦
λ,βλ,t

:= ∥Σ̂1/2
λ R𝖢𝖦

t,< (Σ̂λ)1/2βλ∥2 + ∥R𝖢𝖦
t (Σ̂λ)yλ∥2 − ∥R𝖢𝖦

t,< ( ̂Σλ)1/2yλ∥2 ⩽ ∥Σ̂1/2
λ R𝖢𝖦

t,< (Σ̂λ)1/2βλ∥2,

S𝖢𝖦
λ,t := ∥(Ip − R𝖢𝖦

t,< (Σ̂λ))1/2ελ∥2, C𝖢𝖦
λ,βλ,t

:= ⟨R𝖢𝖦
t,> (Σ̂λ)yλ, ελ⟩ .






[Hucker and Reiß 2025, Lemma 4.7]

ρt:= | (R𝖢𝖦
t )′￼(0) | ,

(1 − ρtx)+ ⩽ R𝖢𝖦
t (x) ⩽ exp(−ρt)x, x ∈ [0,x1,t]






[Hucker and Reiß 2025, Lemma 4.7]

ρt:= | (R𝖢𝖦
t )′￼(0) | ,

(1 − ρtx)+ ⩽ R𝖢𝖦
t (x) ⩽ exp(−ρt)x, x ∈ [0,x1,t]



Let . Assume that  satisfies the condition (CROSS)





Then the regularised in-sample prediction loss for the CG estimator is bounded by





with -dependent approximation and stochastic error bounds





t ∈ [0,p] γ ∈ ℝp

⟨Σ̂λ exp(−ρtΣ̂λ/2)βλ, γ − βλ⟩ ⩾ 0.

ℓ 𝗂𝗇
λ,γ( ̂β𝖢𝖦

λ,t ) ⩽ 4A𝖢𝖦
λ,γ,t + 2S𝖢𝖦

λ,t

γ

A𝖢𝖦
λ,γ,t := ∥Σ̂1/2

λ (βλ − exp(−ρtΣ̂λ/2)βλ − γ)∥2, S𝖢𝖦
λ,t := ∥(ρtΣ̂λ ∧ 1)1/2ελ∥2.




[Hucker and Reiß 2025, Lemma 4.7]

ρt:= | (R𝖢𝖦
t )′￼(0) | ,

(1 − ρtx)+ ⩽ R𝖢𝖦
t (x) ⩽ exp(−ρt)x, x ∈ [0,x1,t]



Main result
Compare CG and GF errors up to a random time shift

• inverting  leads to the random times  



• under (CROSS), 


• remains to compare stochastic errors of CG and GF


For  set 


with . Then  holds, and under (CROSS) for  we have


t ↦ ρt /2
τt := 𝗂𝗇𝖿{t̃ ∈ [0,p] | | (R𝖢𝖦

t̃ )′￼(0) | ⩾ 2t} ∧ p, t ⩾ 0

ℛ𝗂𝗇
λ,γ( ̂β𝖢𝖦

λ,τt
) ⩽ 4Aλ,γ(R𝖦𝖥

t )+ 4σ2

n 𝗍𝗋𝖺𝖼𝖾((2t ∧ Σ̂−1
λ )Σ̂)

t ⩾ 1
2(s1 + λ) Ct,λ := (∑j⩾it

sj)(∑j<it

(sit + λ)sj

sj + λ + ∑j⩾it

(sj + λ)sj

sit−1 + λ )−11(t < 1
2 (sp + λ)−1)

it := min{j | sj < (2t)−1 − λ} Ct,λ ⩽ Ct,0 γ

∀t ⩾
1

2∥Σ̂λ∥
: ℛ𝗂𝗇

λ,γ( ̂β𝖢𝖦
λ,τt

) ⩽
4(1 + Ct,λ)
(1 − e−1/2)2

ℛ𝗂𝗇
λ,γ( ̂β𝖦𝖥

λ,t ) .



Examples
Polynomial and geometric decay of the eigenvalues

For  set 




with .


Suppose for some , , .


Then all  are uniformly bounded:


.

t ⩾ 1
2(s1 + λ)

Ct,λ := (∑j⩾it
sj)(∑j<it

(sit + λ)sj

sj + λ + ∑j⩾it

(sj + λ)sj

sit−1 + λ )−11(t < 1
2 (sp + λ)−1)

it := min{j | sj < (2t)−1 − λ}

C > 0 α > 1 ∀ 2 ⩽ i ⩽ j ⩽ p : sj /si ⩽ C( j/i)−α

Ct,λ

Ct,λ ⩽ Ct,0 ⩽
C∑j⩾it

( j/it)−α

it − 1 ⩽ C(α + 1)
α − 1



• , , , 1000 Monte Carlo runs


• 


• ,  


•

n = 400 p = 500 λ = 3

β0 ∼ 𝒩(0,p−1Ip)

xi ∼ 𝒩(0,Σ) λ1 = … = λ20 = 100, λ21 = … = λ500 = 1

εi ∼ 𝒩(0,6)

solid lines: 



dashed lines: 



grey lines:  

γ = β0

γ = βλ

̂βRR
λ

• Riboflavin data from R package hdi


• , , 


• 1000 splits:  training observations,  test data points


• ridge criterion  evaluated on test set

n = 71 p = 2n λ = 0.1

50 21

ℰλ( ̂β)

solid lines: 



grey line:  

ℰλ( ̂β)

̂βRR
λ

Simulated data Real data
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